The problem of high-speed maneuver with CMGs (Control Moment Gyros) is considered. In general, CMGs are mostly mounted on large spacecraft, such as ISS (International Space Station) or MIR space station because it is large in size and requires a substantial amount of power. The objective of this paper is to introduce the Micro-CMG, which has been jointly-developed by LSS and TAMAGAWA SEIKI Co., Ltd. This CMG is used to achieve the mission that the small satellite named TSUBAME observes the emission of gamma-ray burst. Furthermore, a time-optimal control problem is solved numerically using the gradient method to obtain the time-optimal input to the pyramid array of four CMGs. The solution gives some indication of the feasibility of the mission of TSUBAME.
Introduction
The Laboratory for Space Systems at the Tokyo Institute of Technology (LSS) has developed and launched three nanosatellites named CUTE-I 1) , Cute-1.7 + APD 2) and Cute-1.7 + APD II 3, 4) , as shown in Fig. 1 . These satellites are now in-orbit and strongly transmitting signal to the Earth. These successful satellite projects enabled LSS to acquire the satellite bus technology and demonstrate how students conduct the development of a satellite from the initial concept design phase up to the effective launch and operation.
Based on the acquired technologies, the fourth small satellite project named TSUBAME 5, 6) has started. The satellite TSUBAME has a size of 30cm×30cm×30cm and weight of 30kg. The mission of the satellite is observation of polarized gamma-ray by high-speed attitude maneuver with the Micro-CMGs (Control Moment Gyros). This mission sequence is shown in Fig. 2 . The duration of gamma-ray bust is very short. It becomes dark within 60 seconds after the burst occurrence. Therefore, an observation has to be conducted within 10 to 30 seconds and a high-speed maneuver is needed. Thus, the satellite is required to achieve the attitude maneuver by 90 degrees within 15 seconds using Micro-CMGs. CMG is the device that produces torque by changing the rotation direction of the flywheel supported by the gimbal. The advantage of CMG is the capability to provide large torque compared to a reaction-wheel, which is used in many satellites. However, CMGs are mostly mounted on large spacecraft, such as ISS or MIR because it is, in general, large in size and requires a substantial amount of power. Therefore, it is difficult for small satellites with traditional CMGs to change its attitude at high speed. This paper details the design and development of Micro-CMG aiming at high speed attitude maneuver and its control and steering logic with a gradient method, which is one of the nonlinear programming methods to solve optimal control problem.
Design and Development of Micro-CMG

Requirement specification for Micro-CMG
Some specific requirements for designing Micro-CMG of the TSUBAME are shown as follows.
The satellite mass including the observation equipments is 30 kg. The satellite is required to change its attitude toward the observation direction within 15 seconds after detecting the emission of gamma-ray burst. The satellite is required to achieve the 90 degree maneuver Maneuver trajectory is not considered.
Based on these requirements, the performance of Micro-CMG will be considered. The two important factors to design Micro-CMG are the maximum torque and angular momentum. Taking these specific requirements into account, the constraint condition of Micro-CMG is summarized as "Micro-CMG has to meet the requirement to change the satellite's attitude by 90 degrees within 15 seconds". From the specific requirements shown above, it can be said that Micro-CMGs have to finish attitude maneuver of 90 degrees within 15 seconds.
It is assumed that the maneuver of satellite is the ideal single axis motion. In case of the satellite maneuver with PD or PID control, the controlling force increases as the maneuver angle becomes large, and exceeds the performance limit of an attitude control actuator. In addition, considering the control bandwidth, the bang-bang control based on the principles of Pontryagin is employed to achieve the maneuver in the shortest period of time.
However, when this control method is used to the satellite maneuvering, it is expected that a great deal of angular momentum is required to Micro-CMG. Therefore, the control scheme which accepts the saturation of angular velocity of a satellite to lessen the maximum angular momentum of the Micro-CMG is adopted instead. The trajectory of this maneuver torque and angular velocity is as shown in Figs. 3 and 4.
In Figs. 3 and 4 , it is assumed that the average angular momentum required to the Micro-CMG is 50mNms. To obtain the maximum generated torque and total angular momentum in a typical pyramid array of four CMGs, the index called "maximum average torque" and the maximum angular momentum in the typical pyramid array of four CMGs has introduced as 7) (1) (2) where is maximum average torque and is total angular momentum. Moreover, h and is angular momentum per unit CMG and maximum gimbal rate of a CMG. Then, the total angular momentum of this CMG system becomes [ ] Assuming that the moment of inertia of the satellite is a diagonal matrix, the rotation of a rigid body satellite is described by Euler's equation of motion as follows.
Furthermore, assuming the ideal single axis motion around X-axis, then angular velocity of the satellite is described as [ ]
and the rotational motion is simplified as follows.
Consequently, the following equation shows the maximum angular velocity of the satellite with the Micro-CMGs system on the condition that the principle moment of inertia of TSUBAME is 1.0 kgm [ ]
Defining the acceleration time in terms of Δt, the relation between the maneuver angle and maximum angular velocity of the satellite is given as follows. 
Thus, the CMG is required to have no less than 0.49 rad/s of maximum gimbal rate in case that the average angular momentum requirement of the Micro-CMG is 50 mNms. Based on these requirements, the performance demand of Micro-CMG is given as follows. 
The detail of Micro-CMGs system
The Micro-CMG shown in Fig. 5 has been jointly-developed by LSS and TAMAGAWA SEIKI Co., Ltd to achieve the mission, the observation of gamma-ray burst. This CMG is for a small satellite that achieves high-speed maneuver to reduce the size and weight while filling all performance demands. This section details the system of the Micro-CMG. In this section, the detail of the Micro-CMG system is introduced.
The Micro-CMG is designed to produce the required torque with a typical pyramid array of four CMGs, the common configuration of CMGs. The CMG wheel is 33 mm in diameter and the length is 134 mm including the motor in gimbal system. The basic specifications of the Micro-CMG are shown in Table 1 .
The features of the Micro-CMG, shown in Fig. 5 , are that the wheel, gimbal and gimbal angle sensor of the CMG are hermetically sealed in a cylindrical structure and the total mass is less than 1.0 kg. A simple system block diagram of the Micro-CMG is shown in Fig. 6 .
The Micro-CMG wheel, shown in Fig. 7 (a) , has 209.67 gcm 2 of moment of inertia about the center of rotation to meet the performance requirement of the angular momentum. The motor steering the CMG wheel is a hysteresis synchronous motor developed by TAMAGAWA SEIKI Co., Ltd and its rotational speed can reach 24000 rpm in the steady state.
The CMG gimbal, shown in Fig. 7 (b) , is driven by a hybrid-type step motor (TS3692N1) made by TAMAGAWA SEIKI Co., Ltd. This motor has the unipolar connection and driven by the biphasic pulse. In order to control and drive the CMG gimbal motor, the gimbal angle, defined as a displacement angle from the initial position, must be measured at any time. Therefore, the Micro-CMG has a contactless positional encoder, AE8001, made by Asahi Kasei EMD Corporation for gimbal angle measurement. This sensor can measure the rotational angle by detecting the change of magnetic field in the gimbal rotor with a specific hall element. The rotational angle measured by the gimbal angle sensor is stored in a memory through an A/D converter.
Frequency-response measurement
Frequency-Response Method is one of the most commonly used techniques for feedback control system analysis and design. This method is the expression for the control plant property by measuring its gain and phase of input sine or cosine wave. The frequency responses of the Micro-CMG wheel and gimbal systems are measured to decide attitude control bandwidth of the satellite. The input and output signals are measured as a function of the frequency of the AC power line and rotational speed of the CMG wheel, respectively. Furthermore, frequency responses are used to express the property of the CMG wheel and gimbal.
Figs. 8 (a) and (b) show the measured frequency response of the CMG wheel and gimbal. The driving voltage of the CMG wheel has been 35V (RMS value). As shown in Fig. 8  (a) , the gain in wheel system decreases as the frequency of the AC power line is increased and its decline starts from about 0.05 Hz of input frequency. These results imply a performance degradation of the wheel system. In order to design a control system, it is common to identify the frequency at which the system gain decreases by 3 dB as a control bandwidth. Based on this scheme, the bandwidth of wheel system is 0.2 Hz and the control bandwidth of the satellite should be low enough.
On the other hand, the result of the gimbal system shown in Fig. 8 (b) has the same trend as that of the wheel system, but gain and phase decrease gradually. Note that the vertical scale on Figs. 8 (a) and (b) is different and the gain decreases very little even in the frequency of 1.0 Hz.
According to the measured frequency-response of the wheel and gimbal systems, the control bandwidth of the Micro-CMG wheel has to be set to less than 0.2 Hz when the Micro-CMG is used as a VSCMG (Variable Speed CMG). In addition, the control bandwidth of the satellite has to be ten times lower than that of the Micro-CMG wheel.
Electrical requirement
It is desired to decrease the power consumption of the Micro-CMG as much as possible. Thus, optimum driving voltage, at which power consumption of the Micro-CMG becomes at a minimum in steady rotational speed of the wheel, has been measured. In this experiment, four different driving voltages (RMS value) 24V, 26V, 30V and 36V, has been used in each measurement and the average power consumption at the steady state has been measured. Furthermore, these measurements are iterated varying the rotational speed of the CMG wheel between 320 Hz (19200 rpm) and 460 Hz (27600 rpm). It leads to find the relations between the average power consumption and the rotational speed of the CMG wheel in each driving voltage as shown in Fig. 9 .
According to Fig. 9 , the average power consumption of the wheel motor decreases as the wheel rotational speed is increased in each experiment. Because CMG wheel is driven by a hysteresis synchronous motor and its synchronous speed is set to 24000 rpm. In addition, Fig. 9 shows that the system has the minimum power consumption at the driving voltage of 24V. However, CMG wheel cannot reach the required rotational speed, 24000rpm.
Thus, under the condition that the Micro-CMG wheel rotates steadily in 24000 rpm, 26V is the optimal voltage to be applied to minimize the average power consumption, and then the minimum power consumption is approximately 3.5 W in the Micro-CMG wheel excluding the gimbal part. It would appear that this power consumption small enough to be generated by a small satellite such as TSUBAME
Time Optimal Control Logic for TSUBAME
As the solution of the control problem of a spacecraft with CMGs, many control and driving theories of CMGs have been proposed, and one should choose the method properly depending on the mission requirement of the satellite. In case of TSUBAME, a feed-forward control is employed in order to minimize the maneuver time. In this control, the trajectory of control input is optimized in advance. It is, however, very difficult to solve the optimal control problem when the control system is nonlinear or the control input is the "bang-bang control", which controls the switch abruptly between two states. In cases like that system, "iterative calculation method" is commonly used to calculate optimal control problem of nonlinear system. In this method a nominal control value is provided and revised by iterated calculation. Then the solution is determined based on the convergence result.
This section deals with the optimal control problem of the satellite used with "gradient method", which is one of iterative calculation methods to solve nonlinear optimal control problem. In this method, it is required to figure out how the final state has changed as the input changes. 
Time-optimal control with gradient method
Consider the cost function as follows.
where p is a scale parameter. Now, introduce Hamiltonian and the gradient function W(τ), which is a function of time τ. The cost function is given as follows.
The gradient function is assigned to this formulation. Performing integration of the last integral term, we obtain
Taking the variation of J and choosing undetermined multipliers as follows,
Then, the variation of J is given as follows.
Furthermore, choosing δu and δp as follows,
These conditions ensure that the cost function reduces gradually.
System model and equation of motion
As the attitude control system of TSUBAME, four Micro-CMGs will be used in a pyramid array as shown in Fig.  10 . Thus, the total angular momentum vector of the CMGs with skew angle of γ and the satellite can be represented in matrix form as follows. Assume that external torque is ignored, and then the rotational motion of a rigid body satellite with the CMG system described by Euler's equation of motion is given as follows.
H dt dH (22) In order to express the state of the satellite with four CMGs, ten parameters of state are provided as follows.
( )
where ω and δ are the elements of the satellite angular velocity and the CMG gimbal angles respectively, and σ is the Modified Rodriguez parameters (MRPs), which express the attitude with three elements and defined in terms of the Euler parameters q i as follows.
The MRPs is expected to improve the convergence performance of numerical calculation because the MRPs have fewer elements than the Euler parameters. Moreover, a geometric singularity of the MRPs is at ±360 deg (that of the Euler parameters is at ±180 deg). Thus, MRPs are more suitable for the slew maneuver than the Euler parameters. The control input is the angular velocity of the CMG gimbal as follows.
Note that the limit value of angular velocity of the CMG gimbal is given as follows.
This limit is determined by the performance demand of Micro-CMG.
Analysis result
This section shows the numerical calculation using the time optimal control, aiming at the high-speed maneuver with Micro-CMG system. In this simulation, the properties of a satellite are the same as that of TSUBAME and the initial state of the satellite is assumed to be the resting condition. After the The terminal time should be considered in the assessment function because minimum time maneuver is required. Thus, in this optimal control problem, the time of the terminal condition T f should be calculated as an unknown parameter. This program, however, can deal with the parameter T f within a range of 0 to 1. Therefore, in order to normalize the time, a new parameter is defined as follows.
The time derivative of the parameter τ is given by
Taking this normalization of the time, the equation of state in this problem is written as follows.
The simulation parameters are shown in Table 2 and the results of the time-optimal maneuver with the Micro-CMGs are illustrated in Fig. 11 . According to the angular velocity and MRPs of the satellite shown in Figs. 11 (a) and (b) , the solution which satisfies the terminal condition is obtained in about 12 sec of settling time. Moreover, it is found that the satellite has angular velocity in all axes while maneuvering, and the maximum angular velocity around Y-axis shows 0.2 rad/s. Assuming that the total angular momentum of four Micro-CMGs is converted into the angular velocity around Y-axis of the satellite, the maximum angular velocity is estimated as follows. This result is almost the same value of the maximum angular velocity shown in Fig. 11 (b) . Thus, it can be said that angular momentum is used effectively in this simulation.
Conclusion
This paper presents the Micro-CMGs, which is enough small and consumes little power so that it would be mounted on a small satellite like TSUBAME. The CMG wheel is 33 mm in diameter and the length is 134 mm including the motor in gimbal system. The average power consumption of the CMG wheel is about 3.5 W.
Furthermore, time-optimal control problem for the pyramid array of four CMGs has been solved numerically using the gradient method. The solution has been obtained in about 12 sec of settling time, which achieves a high speed attitude maneuver for TSUBAME by 90 degrees within 15 seconds using Micro-CMGs. This result gives some indication of the feasibility of the TSUBAME development.
